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Abstract
A method to derive the continuous nonpoint symmetries of ordinary difference equations (OE) of
order two and higher is presented. A partial classification of second and fourth order difference equations
that admit nonpoint symmetries both rational and polynomial forms which are quadratic in each variable
is reported. Also, exploiting the obtained symmetries, it is shown how to construct integrals of motion or
invariant for each of the considered equations. The question of integrability of the fourth order difference
equations possessing the above type of nonpoint symmetries has also been briefly discussed.
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1. Introduction
It is well known that the symmetry group method originally advocated by Sophus Lie in
the later part of 19th century plays a vital role in the analysis of differential equations [1–8].
Lie’s fundamental work has also provided a unified explanation for the seemingly diverse and
ad hoc integration methods to solve ordinary differential equations (ODE). A symmetry group
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maps solution to other solutions of it.
Such groups are completely characterized by their infinitesimal generators. Lie has also re-
markably shown that the order of an ODE can be reduced by one, constructively, if it is invariant
under a one-parameter continuous point transformations acting on the space of its independent
and dependent variables. Lie has extended his work to group of nonpoint transformations which
are groups acting on the space of the independent, dependent variables and its derivatives of a
given ODE.
Recently much effort has been spent by several groups how one can extend the symmetry
group analysis of differential equations to discrete systems governed by both partial and ordi-
nary differential-difference and difference equations including mappings. Though Logan [9] has
first developed a theory to discrete variational calculus, a method to derive the continuous point
symmetries of ordinary difference equations (OE) was proposed only by Maeda [10]. In recent
years this method has been extended further to differential-difference equations and difference
equations including mappings by Levi and Winternitz [11], Quispel et al. [12] and others [13–15]
and analysed the invariance properties. In fact Byrnes et al. [16] have shown that an autonomous
difference equation of an arbitrary order with one or more independent variables can be linearized
by a point transformation if and only if it admits a symmetry vector field whose coefficient is the
product of two functions, one of the dependent variable and of the independent variables. To
our knowledge the symmetry group analysis has not been extended to derive the nonpoint sym-
metries of OE or mappings of order two and higher. The aim of this article is to propose a
method to derive the nonpoint continuous symmetries of OE and investigate its relation with
its integrability properties.
The outline of the article is as follows. To be self contained, in Section 2, we present a brief
details of the derivation of continuous point symmetries of second order OE. In Section 3,
a method to derive the continuous nonpoint symmetries of second order OE is presented. Also,
a partial classification of second order difference equations that admit nonpoint symmetries both
rational and polynomial forms which are quadratic in each variable is obtained. Furthermore,
exploiting the obtained symmetries it is shown how to construct integrals of motion or invariant
for each of the considered equations. In Section 4 a similar partial classification of fourth order
difference equations admitting the above type of nonpoint symmetries is obtained. Here again
the integrals of motion associated with derived symmetries have been constructed explicitly for
each of the cases. The question of integrability of the identified fourth order OE possessing
nonpoint symmetries has also been briefly discussed. Section 5 contains a brief details of our
results.
2. Continuous point symmetries of second order OE [10–13]
Consider an autonomous scalar second order OE having the form
x(n + 2) = F (x(n), x(n + 1)) or x(n + 2) = F(x, y), (2.1)
where x = x(n), x(n + 1) = y(n) = y and F is an arbitrary function. We wish to mention that
even though the independent variable n is usually an integer, here we allow n to take real values.
Let us assume that Eq. (2.1) is invariant under a one-parameter () continuous point transforma-
tions
n∗ = n + ξ(n, x) + O(2), (2.2a)
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with the infinitesimal generator
G = ξ(n, x) ∂
∂n
+ η(n, x) ∂
∂x
. (2.2c)
Then the transformed equation of (2.1) is
x∗(n + 2) = F (x∗, y∗) (2.3)
provided x = x(n) is a solution of Eq. (2.1). Expanding Eq. (2.3) in the neighbourhood of  = 0,
we obtain the following invariant equations:
ξ(n, x) − ξ(n + 1, y) = 0, (2.4a)
ξ(n, x) − ξ(n + 2,F (x, y))= 0, (2.4b)
η
(
n + 2,F (x, y))= η(n, x)∂F (x, y)
∂x
+ η(n + 1, y)∂F (x, y)
∂y
. (2.4c)
From Eqs. (2.4a, b), we find that ξ(n, x) is an arbitrary unit periodic function of n. Equa-
tion (2.4c) is a functional differential-difference equation and, to our knowledge, there exists
no method to solve it. However Eq. (2.4c) can be solved if the infinitesimal symmetry η(n, x) is
factorizable [16], that is
η(n, x) = A(n)X(x), (2.5)
where A(n) and X(x) are arbitrary functions of n and x(n), respectively. Using Eq. (2.5) in the
invariant equation (2.4c) we find, after straightforward calculations, that the function A(n) must
satisfy
A(n + 2) − kA(n + 1) + lA(n) = 0, (2.6)
where k and l are constants and the nonlinear second order OE, (2.1), can be transformed into
a linear second order OE with constant coefficients given by
Q
(
x(n + 2))− kQ(x(n + 1))+ lQ(x(n))= p, (2.7)
where p is a constant and the homogenizing variable Q(x(n)) = Q(x) is
Q(x) =
∫
dx
X(x)
, X(x) = 0. (2.8)
It is straightforward to check that the general solution of Eq. (2.7) is
Q(x) = C1(n)λn1 + C2(n)λn2 +
p
(1 − k + l) , (1 − k + l) = 0, (2.9)
and so the general solution of the given nonlinear second order OE (2.1) is
x(n) = Q−1
[
C1(n)λ
n
1 + C2(n)λn2 +
p
(1 − k + l)
]
, (1 − k + l) = 0, (2.10)
where λ1 and λ2 are the roots of
λ2 − kλ + l = 0
and C1(n + 1) = C1(n) and C2(n + 1) = C2(n). It is also clear that one can construct two inde-
pendent integrals of motion. For instance if λ1 and λ2 are distinct then we obtain the following
independent integrals:
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1a)
0,
1b)I1
(
n,x(n), x(n + 1))= λ−n1
λ2 − λ1
[
λ2Q(x) − Q
(
x(n + 1))+ (1 − λ2)p
(1 − k + l)
]
, (2.1
I2
(
n,x(n), x(n + 1))= λ−n2
λ2 − λ1
[
λ1Q(x) − Q
(
x(n + 1))+ (1 − λ1)p
(1 − k + l)
]
, (1 − k + l) =
(2.1
ensuring its integrability.
3. Continuous nonpoint symmetries of OE’s
Let us first consider a second order OE (2.1), which can be written as
x(n + 1) = y(n) = y, (3.1a)
y(n + 1) = F (x(n), y(n))= F(x, y). (3.1b)
Let us assume that Eq. (3.1) is invariant under a one-parameter nonpoint continuous transforma-
tions
n∗ = n, x∗ = x + η1(x, y) + O
(
2
)
, y∗ = y + η2(x, y) + O
(
2
) (3.2a)
with the infinitesimal generator
G = η1(x, y) ∂
∂x
+ η2(x, y) ∂
∂y
. (3.2b)
In other words,
x∗(n + 1) = y∗(n), y∗(n + 1) = F (x∗, y∗) (3.3)
provided (x, y) is a solution of Eq. (3.1a, b). Expanding Eq. (3.3) about  = 0, we obtain the
following invariance equations:
η1
(
y,F (x, y)
)= η2(x, y) (3.4a)
and
η2
(
y,F (x, y)
)= η1(x, y)∂F (x, y)
∂x
+ η2(x, y)∂F (x, y)
∂y
. (3.4b)
Equations (3.4a, b) are functional differential-difference equations and there exists no method to
deal with them towards their solvability. We below explain how to find particular solutions for
the invariance equations (3.4a, b).
3.1. Evaluation of continuous nonpoint symmetries
To begin with let us assume that the infinitesimals η1(x, y) and η2(x, y) be bi-quadratic poly-
nomials in x and y. That is
η1(x, y) = f1(x)y2 + f2(x)y + f3(x), (3.5a)
η2(x, y) = g1(x)y2 + g2(x)y + g3(x), (3.5b)
where
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∑3
j=1αij x
3−j , (3.5c)
gi(x) =
∑3
j=1βij x
3−j . (3.5d)
Here αij , βij (i, j = 1,2,3) are arbitrary parameters to be determined. Substituting the above
equations (3.5) in the invariance equations (3.4), one can determine the infinitesimals η1(x, y)
and η2(x, y) explicitly. For clarity of presentation of results we begin with a simple case.
Case 1(a). f1(x) = 0.
Then the invariant equation (3.4a) yields
F(x, y) = g1(x)y
2 + g2(x)y + g3(x) − f3(y)
f2(y)
. (3.6)
Substituting Eq. (3.6) along with Eqs. (3.5a, b, c, d) in Eq. (3.4b), we obtain a polynomial in
xkyl (k = 0,1,2,3,4, l = 0,1,2,3,4,5,6). Now equating different powers of xkyl to zero, give
αij and βij explicitly. For example, the coefficient of y6 reads
β311x
4 + 2β211β12x3 + β11
(
β212 + 2β11β13 − 2β11α31 + β21α21
)
x2
+ (−2β11β12α31 + β21β12α21 + 2β11β12β13)x
+ β11β13(−2α31 + β13) − β21α31α21 + β21β13α21 + β31α221 + β11α231 = 0. (3.7)
From Eq. (3.7), it is easy to see that
β11 = 0, β21 = 0, β31 = 0. (3.8)
Proceeding further with the parametric restrictions (3.8), we find that the second invariant equa-
tion (3.4b) satisfies identically for
β12 = −α21, β13 = −α31, β22 = −α22 = −2α31, β23 = −α32,
β32 = −α23, β33 = −α33 (3.9)
and hence F(x, y) in Eq. (3.1) becomes,
F(x, y) = −x − (ay
2 + 2by + 2c)
(dy2 + ay + e) , (3.10)
where α22 = a, α32 = b, α33 = c, α21 = d , α23 = e. Thus the second order OE (3.1a, b) with
Eq. (3.10) is invariant under a one-parameter continuous nonpoint transformations
n∗ = n, x∗ = x + 
[(
dx2 + ax + e)y +
(
a
2
x2 + bx + c
)]
+ O(2),
y∗ = y − 
[(
dx + a
2
)
y2 + (ax + b)y + (ex + c)
]
+ O(2). (3.11)
Hereafter in this section F(x, y) will be denoted by F unless otherwise specified.
Case 1(b). f1(x) = 0.
Then the invariant equation (3.4a) can be written as
F 2 + P1(y)F + P2(x, y) = 0 (3.12a)
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F = −P1(y) ± 
2
, (3.12b)
where
P1(y) = f2(y)
f1(y)
,  =
√
(P1(y)2 − 4P2(y)), P2(x, y) = f3(y) − η2(x, y)
f1(y)
.
We wish to mention here that one can find a real-valued but rational F(x, y) by demanding that
the discriminant  be a perfect square. For example if
f3(x) = 0, β13 = 0, β23 = 0, β33 = 0,
then Eq. (3.12a) can be factorized into
(F − x)
[
F + x + f2(y)
f1(y)
]
= 0. (3.13)
Obviously F = x is not an interesting case, and hence we consider the other possibility, that is,
F = −x − f2(y)
f1(y)
(3.14)
for further discussion. Proceeding further we find that Eq. (3.4b) becomes a polynomial in xkyl
(k = 0,1, . . . ,4; l = 0,1, . . . ,6). Now equating different powers of xkyl to zero, we find α11 =
0 = α12 = α13 and so f1(x) = 0, which is a contradiction.
Case 2. Next we consider
η1(x, y) = f1(x)y
2 + f2(x)y + f3(x)
(a1x + a2y) , (3.15a)
η2(x, y) = g1(x)y
2 + g2(x)y + g3(x)
(b1x + b2y) , (3.15b)
where fi(x) and gi(x), i = 1,2,3, are given in (3.5c, d) and a1, a2, b1 and b2 are arbitrary
constants. As a consequence the first invariant equation (3.4a) becomes
F 2 + P1(x, y)F + P2(x, y) = 0 (3.16a)
and hence
F = −P1(x, y) ± 
2
, (3.16b)
where
 =
√
P1(x, y)2 − 4P2(x, y), P1(x, y) = f2(y)
f1(y)
− a2 [g1(x)y
2 + g2(x)y + g3(x)]
(b1x + b2y)f1(y)
and
P2(x, y) = f3(y)
f1(y)
− a1y [g1(x)y
2 + g2(x)y + g3(x)]
(b1x + b2y)f1(y) .
As pointed out in Case 1, here also one can find a real-valued but rational F by demanding that
the discriminant  be a perfect square. For example, if
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a1 = 0, a2 = 1, b1 = 1, b2 = 0, (3.17a)
then Eq. (3.16a) can be factorized into
(F − x)
[
F − f3(y)
xf1(y)
]
= 0. (3.17b)
Comparing Eq. (3.5b) with Eq. (3.17a), we find the following parametric restrictions:
β11 = α11, β13 = α31, β21 = α12, β23 = α32, β31 = α13, β33 = α33,
β12 = 0, β22 = 0, β32 = 0. (3.18)
As in the previous case, we consider
F = f3(y)
xf1(y)
(3.19)
for further discussion. Proceeding further with the parametric restrictions (3.18), we find that the
invariant equation (3.4b) satisfies identically and hence F(x, y) in (3.1) takes
F(x, y) = (Cy
2 + Ey + H)
x(Ay2 + By + C), (3.20)
where α11 = A, α12 = B , α13 = C, α32 = E, and α33 = H . The associated continuous nonpoint
symmetries take the following form:
η1(x, y) = (Ax
2 + Bx + C)y2 − (Cx2 + Ex + H)
y
,
η2(x, y) = (Ay
2 + By + C)x2 − (Cy2 + Ey + H)
x
. (3.21)
Case 3. Let η1(x, y) and η2(x, y) be
η1(x, y) =
∑4
i=1fi(x)y4−i
(xy + a) , η2(x, y) =
∑4
i=1gi(x)y4−i
(xy + b) , (3.22a)
where
fi(x) =
∑4
j=1αij x
4−j , gi(x) =
∑4
j=1βij x
4−j , i = 1,2,3,4. (3.22b)
Here αij , βij (i, j = 1,2,3,4), a and b are arbitrary parameters. Making use of the above equa-
tions (3.22) in the first invariant equations (3.4a) we find
F 2 + P1(x, y)F + P2(x, y) = 0, (3.22)
where
f1(x) = 0, P1(x, y) = (xy + b)f3(y) − yη2(x, y)
(xy + b)f2(y) ,
P2(x, y) = (xy + b)f4(y) − aη2(x, y)
(xy + b)f2(y) .
A detailed calculation shows (3.1) is invariant under the transformations (3.2) with infinitesi-
mals
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2 + Nx + P)(xy + 2a)y − (Px2 + Qx + S)x + a(Nx2 + Rx + a)]
xy + a ,
(3.23a)
η2(x, y) = (Py
2 + Qy + S)y − (xy + 2a)(My2 + Ny + P)y − a(Ny2 + Ry + Q)
xy + a
(3.23b)
with F(x, y) in the second order OE (3.1), is
F(x, y) = F1(x, y) − xF2(x, y)
(xy + a)F2(x, y) , (3.23a)
where
F1(x, y) =
(
Py2 + Qy + S)y − a(Ny2 + Ry + Q), F2(x, y) = (My2 + Ny + P ),
where α21 = M , α22 = N , α23 = P , α34 = Q, α33 = R, α44 = S.
We wish to mention that the nonpoint symmetries both polynomial and rational forms which
are cubic and higher in each variable can be derived using mathematical softwares such as
MAPLE or MATHEMATICA. Thus the second order OE can be classified further by deter-
mining the admitted continuous nonpoint symmetries.
3.2. Integral of motion
In this section we explain, exploiting the obtained symmetries, how to construct integrals of
motion or invariant, if exists, for the second order OE, for each of the cases discussed in the
previous section.
Definition 1. An arbitrary function, say I (x, y), is said to be an integral of motion of a second
order OE or mapping (3.1a, b) if
I
(
x(n), y(n)
)= I(x(n + 1), y(n + 1))= I (y,F ). (3.24)
Definition 2. An infinitely differentiable function G(x,y) is said to be an invariant of a one-
parameter () Lie group of transformations (3.2) if and only if
XG(x,y) = η1(x, y)∂G
∂x
+ η2(x, y)∂G
∂y
= 0. (3.25)
For a given set of continuous nonpoint symmetries η1(x, y) and η2(x, y) the invariant function
G(x,y) can be obtained by solving the associated characteristic equation
dx
η1(x, y)
= dy
η2(x, y)
(3.26)
of Eq. (3.25). It is appropriate to mention here that an integral of motion I (x, y) of an OE is
an invariant, while the converse need not be true always.
For the infinitesimals η1(x, y) and η2(x, y) given in (3.11) the characteristic equation (3.26)
becomes
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dx2 + ax + e)y +
(
a
2
x2 + bx + c
)]
dy
+
[(
dx + a
2
)
y2 + (ax + b)y + (ex + c)
]
dx = 0. (3.27)
It is straightforward to check that the differential equation (3.27) is an exact one and therefore its
solution is
I (x, y) = 1
2
(
dy2 + ay + e)x2 +
(
a
2
y2 + by + c
)
x +
(
e
2
y2 + cy
)
, (3.28)
where I (x, y) is an integration constant which also satisfies
I
(
x(n + 1), y(n + 1))= I (y,F ) = I (x, y) (3.29)
ensuring that I (x, y) is an integral of motion for the second order OE (3.1) with F(x, y) given
in (3.10).
The first order ODE arising from the characteristic equation (3.26) for the infinitesimals
η1(x, y) and η2(x, y) of Case 2 given in (3.21), turned out to be not an exact one. However,
it becomes exact one with an integrating factor 1
x2y2
and so its solution can be written as
I (x, y) = (Ay
2 + By + C)x2 + (By2 + Dy + E)x + (Cy2 + Ey + H)
xy
(3.30)
satisfying Eq. (3.29) and hence I (x, y) is an integral of motion. In a similar manner for the
infinitesimals η1(x, y) and η2(x, y) of Case 3 given in (3.23), we obtain an integral of motion
I (x, y) = (My
2 + Ny + P)x2 + (Ny2 + Ry + Q)x + (Py2 + Qy + S)
xy + a
satisfying Eq. (3.29).
4. Continuous nonpoint symmetries of fourth order ordinary difference equations
We wish to mention here that the Lie point factorisable and nonpoint symmetries of third
order autonomous OE
w(n + 1) = x(n), x(n + 1) = y(n), y(n + 1) = F (w(n), x(n), y(n)) (4.1)
have been derived [17] and investigated their connection with integrability properties of (4.1).
Next, we consider an autonomous fourth order difference equation having the form
w(n + 1) = x(n), x(n + 1) = y(n),
y(n + 1) = z(n), z(n + 1) = F(w,x, y, z), (4.2)
where w = w(n), x(n) = x, y(n) = y, z(n) = z. Let us assume that Eq. (4.2) is invariant under a
one-parameter continuous nonpoint transformations
n∗ = n, w∗ = w + η1(w,x, y, z) + O
(
2
)
,
x∗ = x + η2(w,x, y, z) + O
(
2
)
, y∗ = y + η3(w,x, y, z) + O
(
2
)
,
z∗ = z + η4(w,x, y, z) + O
(
2
) (4.3a)
with infinitesimal generator
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∂w
+ η2(w,x, y, z) ∂
∂x
+ η3(w,x, y, z) ∂
∂y
+ η4(w,x, y, z) ∂
∂z
(4.3b)
provided w = w(n), x(n) = x, y(n) = y, z(n) = z satisfies Eq. (4.2). As a result we obtain the
following invariance equations:
η1(x, y, z,F ) = η2(w,x, y, z), (4.4a)
η2(x, y, z,F ) = η3(w,x, y, z), (4.4b)
η3(x, y, z,F ) = η4(w,x, y, z), (4.4c)
η4(x, y, z,F ) = η1(w,x, y, z)∂F
∂w
+ η2(w,x, y, z)∂F
∂x
+ η3(w,x, y, z)∂F
∂y
+ η4(w,x, y, z)∂F
∂z
. (4.4d)
Equations (4.4a–d) are functional equations and there exists no method to solve them. However
by following the procedure described for second order OE, one can find nontrivial infinites-
imals η1(w,x, y, z), η2(w,x, y, z), η3(w,x, y, z) and η4(w,x, y, z) of particular type for the
fourth order OE (4.2).
4.1. Evaluation of nonpoint symmetries
Let us assume that the infinitesimals η1(w,x, y, z), η2(w,x, y, z), η3(w,x, y, z) and
η4(w,x, y, z) be quadratic polynomials, that is
η1(w,x, y, z) = f1(w,x, y)z2 + f2(w,x, y)z + f3(w,x, y), (4.5a)
η2(w,x, y, z) = g1(w,x, y)z2 + g2(w,x, y)z + g3(w,x, y), (4.5b)
η3(w,x, y, z) = h1(w,x, y)z2 + h2(w,x, y)z + h3(w,x, y), (4.5c)
η4(w,x, y, z) = k1(w,x, y)z2 + k2(w,x, y)z + k3(w,x, y), (4.5d)
where fi , gi , hi , and ki , i = 1,2,3, are tri-quadratic polynomials of the form
fl(w,x, y) =
2∑
α,β,γ=0
alαβγ w
αxβyγ , gl(w,x, y) =
2∑
α,β,γ=0
blαβγ w
αxβyγ ,
hl(w,x, y) =
2∑
α,β,γ=0
clαβγ w
αxβyγ ,
kl(w,x, y) =
2∑
α,β,γ=0
dlαβγ w
αxβyγ , l = 1,2,3, (4.5e)
alαβγ , blαβγ , clαβγ , and dlαβγ are arbitrary parameters. Substituting the above expressions (4.5)
in the invariance equations (4.4.a–d) lead to equations involving 324 unknown parameters and
so the calculations for finding the infinitesimals η1(w,x, y, z), η2(w,x, y, z), η3(w,x, y, z),
η4(w,x, y, z) and F = F(w,x, y, z) is rather tedious and cumbersome. However, one can find
particular solutions for the invariance equations (4.5a–d) following the procedure described in the
previous section. For concreteness of results we present a brief details for the following cases:
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of z and η2(w,x, y, z) be linear in z, that is,
f1(w,x, y) = 0, f2(w,x, y) = 0, g1(w,x, y) = 0,
h1(w,x, y) = 0, h2(w,x, y) = 0. (4.6)
Then from the invariance equations (4.5a–c), we find
η11 = g2(w,x)y + g3(w,x), η12 = g2(x, y)z + g3(x, y), (4.7a)
η13 = k1(w,x)y2 + k2(w,x)y + k3(w,x),
η14 = k1(x, y)z2 + k2(x, y)z + k3(x, y) (4.7b)
with
F(w,x, y, z) = η3(w,x, y) − g3(y, z)
g2(y, z)
. (4.7c)
Substituting the above expressions in the fourth invariant equation (4.5d) we find, after a de-
tailed calculation, that it satisfies identically for the following set of nonpoint symmetries
(η11, η12, η13, η14):
η11 = −2(Qw + P)(x + y) −
(
Qw2 + Rw − aQ),
η12 = −2(Qx + P)(y + z) −
(
Qx2 + Rx − aQ),
η13 = Q(2x + y)y + 2(P + Qy)w + 2Px + Ry − aQ,
η14 = Q(2y + z)z + 2(P + Qz)x + 2Py + Rz − aQ (4.8)
with
F(w,x, y, z) = −w − x − z − Qy
2 + Ry − aQ
Qy + P , (4.9)
where a, P , Q and R are arbitrary constants.
It is appropriate to mention here that for third and higher order OE’s there may exist
more than one set of nonpoint infinitesimal symmetries. With this in mind we have investigated
whether there exists any additional set of nontrivial nonpoint symmetries (η21, η22, η23, η24) for
the same F = F(w,x, y, z) given in Eq. (4.9) or not. Now, the first invariant equation (4.4a) can
be rewritten as
F(w,x, y, z)2 + P1(x, y, z)F (w,x, y, z) + P2(x, y, z) = 0, (4.10)
where
P1(x, y, z) = f2(x, y, z)
f1(x, y, z)
, P2(x, y, z) = f3(x, y, z)η2(w,x, y, z)
f1(x, y, z)
.
After a cumbersome and tedious calculation we find that Eq. (4.10) as well as the remaining
invariance equations (4.4b–d) satisfy for the following nonpoint symmetries:
η21 =
[
Q(w + x + y + z) − 2P + R]
× [(aQ2 + PR − P 2)(w − x) + (P + Qw)(P + Qx)(y − z)], (4.11a)
η22 =
[
Q2(a − wy) − PQ(w + y) − 2P 2 + PR]
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η23 =
[−Q2(a − xz) + PQ(x + z) + 2P 2 − PR]
× [(P + Qy)(2w + x + z) − Q2(a − y2)+ Ry], (4.11c)
η24 =
[−Q(w + x + y + z) + 2P − R]
× [(aQ2 + PR − P 2)(z − y) + (P + Qy)(P + Qz)(x − w)]. (4.11d)
Proceeding in a similar manner, we find that there exists two independent nontrivial nonpoint
symmetries for the following F(w,x, y, z). For clarity, we below provide explicit forms of the
symmetries only, for the specified form of F(w,x, y, z).
Case 2.
F(w,x, y, z) = xz(PQy − B)
wy(PQ − Cy) . (4.12)
First set of nonpoint symmetries:
η11 = (Cw − PQ)wy
2 + (PQw − B)x2
xy
, (4.13a)
η12 = (Cx − PQ)xz
2 + (PQx − B)y2
yz
, (4.13b)
η13 = − (Cy − PQ)w
2y + (PQy − B)x2
xw
, (4.13c)
η14 = (Cz − PQ)x
2z + (PQz − B)y2
xy
. (4.13d)
Second set of nonpoint symmetries:
η21 = (wy + xz)[PQ(B − Cyz)(w + x) + (C
2yz − P 2Q2)wx + P 2Q2zy − B2]
xyz
,
(4.14a)
η22 = [Cwy − PQ(w + y) + B][(PQx − B)wy + (Cx − PQ)z
2x]
wyz
, (4.14b)
η23 = [PQ(x + z) − Cxz − B][(PQy − B)xz − (PQ − Cy)w
2y]
wxz
, (4.14c)
η24 = (wy + xz)[−PQ(B − Cxw)(y + z) + (P
2Q2 − C2wx)yz − P 2Q2wx + B2)]
wxy
.
(4.14d)
Case 3.
F(w,x, y, z) = (PQxz − B)
w(PQ − Cxz) . (4.15)
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η11 = [(Cwy − PQ)xyz
2 + (Cwx2y − B)(w + y)z + wx(PQwy − B)]
xyz
, (4.16a)
η12 = [(Cwy − PQ)xyz
2 + (Cwx2y + B)(y − w)z + wx(PQwy − B)]
wyz
, (4.16b)
η13 = [(Cwy − PQ)xyz
2 + (B − Cwx2y)(w + y)z + (PQwy − b)wx]
wxz
, (4.16c)
η14 = [(Cwy + PQ)xyz
2 − (Cwx2y − B)(w + y)z + wx(PQwy + B)]
wxy
. (4.16d)
Second set of nonpoint symmetries:
η21 = [(Cwy − PQ)xwz
2 + PQ(y + w)(wy − x2)z − (PQwy − B)xy]
xyz
, (4.17a)
η22 = [−(Cwy − PQ)xwz
2 + PQ(w + y)(x2 − wy)z − (PQwy − B)xy]
wyz
, (4.17b)
η23 = [(Cwy − PQ)xwz
2 + PQ(y + w)(wy − x2)z + (PQwy − B)xy]
wxz
, (4.17c)
η24 = [−(Cwy + PQ)wxz
2 + PQ(y + w)(wy − x2)z + (PQwy + B)xy]
wxy
. (4.17d)
Case 4.
F(w,x, y, z) = (Pxz − Q)
wy(λP − μQxz) . (4.18)
First set of nonpoint symmetries:
η11 = (1 + λw)(1 + λy)(1 + λz)[μQwx
2yz − λPx2z − Q + Pwy]
xyz
, (4.19a)
η12 = (1 + λx)(1 + λz)[wy(λP − μQxz)(w − y) + λ(w − y)(Pxz − Q)]
wyz
, (4.19b)
η13 = −(1 + λw)(1 + λy)[xz(λP − μQwy)(x − z) − λ(z − x)]
wxz
, (4.19c)
η14 = −(1 + λw)(1 + λx)(1 + λz)[μQwy
2xz − λPwy2 − Q + Pxz]
wxy
. (4.19d)
Second set of nonpoint symmetries:
η21 = (1 + λw)[(μQwy − λPQ)x
2z2 + λP (wy − x2)yz + P(y + z)wy − Qy − Px2z]
xyz
,
(4.20a)
η22 = − (1 + λx)[(μQwy − λP )wxz
2 + P(y − w)xz − Qy + Pwy2 + λP (y − w)wyz]
wyz
,
(4.20b)
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2yz + P(x − z)wy − Qx + Px2z − λP (z − x)wx2z]
wxz
,
(4.20c)
η24 = −(1+λz)[(λPx +μQwy
2)wxz+P(w+x)xz − Qx − Pwy2 − λP (x +w)wy2]
wxy
,
(4.20d)
where B , C, P , Q, R, λ and μ are constants. We wish to mention that in the above investigation,
we have not been exhausted all the possible cases, but a complete analysis on the classification
of fourth order OE admitting nonpoint symmetries involving cubic and higher powers can be
carried out systematically using mathematical softwares such as MAPLE or MATHEMATICA.
4.2. Integral of motion
Following the procedure outlined in Section 3.2, that is, by integrating the associated charac-
teristic equation
Case 1.
dw
η11(w,x, y, z)
= dx
η12(w,x, y, z)
= dy
η13(w,x, y, z)
= dz
η14(w,x, y, z)
, (4.21)
one can derive the integral of motion for each set of obtained nonpoint symmetries. For example,
for the first set of nonpoint symmetries (η11, η12, η13, η14) given in Eq. (4.8), the above equa-
tion (4.21) results a total exact differential equation and the integration of it gives an integral
I1(w,x, y, z):
I1(w,x, y, z) = Q2(Qx + P)z2 + Q2
(−aQ + 2Py + 2Qyx + Qx2 + Rx)z
+ Q3(x2y + xy2 − aw + wy2 − 2ay + 2wxy + w2y − 2ax)
+ Q2(2Pxy − aR + 2Px2 + 2Pwx + Pw2 + 2Py2 + Rwy + Rxy)
− 2P 3 − 3RP 2 + 3R2P − 1
2
R3. (4.22)
In a similar manner we obtain an integral I2(w,x, y, z) for the second set of nonpoint symmetries
(η21, η22, η23, η24) given in Eq. (4.11). The explicit form of I2(w,x, y, z) is
I2(w,x, y, z)
= (Q2wy + QPw + 2P 2 − PR + QPy − aQ2)(xQ + P)z2
+ (Q2wy + QPw + 2P 2 − PR + QPy − Q2a)
× (yxQ + Py + wxQ + Pw + Qx2 − aQ + Rx)z
+ a(w + x + y)(a − wy)Q3 + (Pxy2w − 2aPwx − 2aPxy
+ Pw2xy − aRwy − Pay2 − Paw2 + Pwx2y − Pax2)Q2
+ P (2aR + Pw2x + Px2y + 2Pwxy − Rwy2 − 2aPy + Pwx2 + Pxy2 − Rw2y
+ (aRw − 2aPw − 2aPx + aRx + 2Pwy2 + 2Pw2y))
− P 2(Rw2 − 2Pwx + 1)
× (2Pxy − Rx2 − Ry2 + 2Pw2 − PRxy + 2Py2 + 2Rwy + 2Px2)
− PRw(Ry + Px). (4.23)
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corresponding to first and second sets of nonpoint symmetries for the remaining Cases 2–4.
Explicit forms of the integrals of motion are given below.
Case 2.
F(w,x, y, z) = xz(PQy − B)
wy(PQ − Cy) .
I1 = α(w,x, y, z)
[
(PQ − Cx)xwz2 + [PQ(x2 + wy)(w + y) − Cw2y2 − Bx2]z
+ (PQx − B)wy2], (4.24)
I2 = α(w,x, y, z)
[
(Cwy + B − PQw − PQy)(PQ − Cx)xz2
+ [−(x2w + y2w + w2y + x2y)P 2Q2
+ (Bwy + Cw2y2 + Bxy + Bx2 + Cxwy2 + Cx2wy + Bxw + Cxw2y)PQ
− (B2 + C2w2y2)x]z + (Cwy + B − PQw − PQy)(PQx − B)wy]. (4.25)
Case 3.
F(w,x, y, z) = (PQxz − B)
w(PQ − Cxz) , (4.15)
I1 = α(w,x, y, z)
[
(Cwy − PQ)xyz2 − (w + y)(Cwx2y + B)z + (PQwy − B)wx],
(4.25)
I2 = α(w,x, y, z)
[
(PQ − Cwy)wxz2 + PQ(y + w)(x2 + wy)z + (PQwy − B)xy].
(4.26)
Case 4.
F(w,x, y, z) = (Pxz − Q)
wy(λP − μQxz) . (4.18)
I1 = α(w,x, y, z)
[
(λP − μwy)(λwy + w + x + λwx)xz2
+ λP (x2y + wy2 + λwxy2 + x2w + λw2xy + λw2y2 + λwx2y + x2 + w2y)z
+ (wy + xy + wx)z + (Pwy − Q)(λwy + y + λxy + x)], (4.27)
I2 = α(w,x, y, z)
[
(1 + λw)(1 + λx)(1 + λy)(1 + λz)
× (μQwxyz + λQ − λPxz − λPwy)], (4.28)
where
α(w,x, y, z) = 1
wxyz
.
We have checked that both the integrals I1 and I2 constructed above satisfy for all the cases
I1(w,x, y, z) = I1
(
x, y, z, z(n + 1)), I2(w,x, y, z) = I2(x, y, z, z(n + 1)). (4.29)
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In this article a method to derive the continuous nonpoint symmetries of (OE)’s of order
two and higher is presented. A partial classification of second and fourth order difference equa-
tions that admit nonpoint symmetries both rational and polynomial forms which are quadratic in
each variable has been derived. Also, exploiting the obtained symmetries, it is shown that how to
construct integrals of motion or invariant for each of the considered mappings. It is appropriate
to mention here that the identified second order (OE)’s admitting nontrivial nonpoint sym-
metries along with an integral of motion are special cases of the well-known Quispel, Roberts
and Thompson integrable mappings in the plane [18] and hence integrable. The fourth order
(OE) identified in Section 4 are indeed symplectic ones with symplectic matrices respectively
Ω1(w,x, y, z), Ω2(w,x, y, z), Ω3(w,x, y, z) and Ω4(w,x, y, z). Explicit forms of the symplec-
tic matrices (for Cases 1–4) are
Ω1(w,x, y, z) =
⎡
⎢⎣
0 0 1 −1
0 0 0 1
−1 0 0 0
1 −1 0 0
⎤
⎥⎦ ,
Ω2(w,x, y, z) =
⎡
⎢⎣
0 wx 0 wz
−wx 0 xy 0
0 −xy 0 yz
−wz 0 −yz 0
⎤
⎥⎦ , (5.1)
Ω3(w,x, y, z) =
⎡
⎢⎣
0 wx 0 wz
−wx 0 xy 0
0 −xy 0 yz
−wz 0 −yz 0
⎤
⎥⎦ ,
Ω4(w,x, y, z) =
⎡
⎢⎣
0 wx 0 0
−wx 0 xy 0
0 −xy 0 yz
0 0 −yz 0
⎤
⎥⎦ . (5.2)
We wish to mention that the independent integrals I1 and I2 in each of the above cases are in
involution with respect to the above symplectic structure [19] and therefore the four-dimensional
mappings given in Cases 1–4 are integrable in the sense of Liouville [20].
References
[1] L.V. Ovsiannikov, Group Analysis of Differential Equations, Academic Press, New York, 1982.
[2] N.H. Ibragimov, Transformation Groups Applied to Mathematical Physics, Reidel, Boston, 1985.
[3] P.J. Olver, Applications of Lie Groups to Differential Equations, Springer-Verlag, Berlin, 1986.
[4] G.W. Bluman, S. Kumei, Symmetries and Differential Equations, Springer-Verlag, Berlin, 1986.
[5] A.S. Fokas, Symmetries and integrability, Stud. Appl. Math. 77 (1987) 253.
[6] A.V. Mikhailov, A.B. Shabat, V.V. Sokolov, The symmetry approach to classification of integrable equations, in:
What is Integrability? Springer-Verlag, Berlin, 1990, pp. 115–184.
[7] M. Lakshmanan, P. Kaliappan, Lie transformations, nonlinear evolution equations and Painlevé forms, J. Math.
Phys. 24 (1983) 795.
[8] W. Sarlet, F. Cantrijn, SIAM Rev. 23 (1981) 467.
[9] J.D. Logan, First integrals in the discrete variational calculus, Aequationes Math. 9 (1973) 210–220.
[10] S. Maeda, Canonical structure and symmetries for discrete systems, Math. Japonica 25 (1980) 405–420; The simi-
larity method for difference equations, IMA J. Appl. Math. 38 (1987) 129–134.
R. Sahadevan, N. Kannagi / J. Math. Anal. Appl. 324 (2006) 199–215 215[11] D. Levi, P. Winternitz, Continuous symmetries of discrete equations, Phys. Lett. A 152 (1991) 335.
[12] G.R.W. Quispel, H.W. Capel, R. Sahadevan, Continuous symmetries of differential-difference equations: The Kac–
van Moerbeke equation and Painlevé reduction, Phys. Lett. A 170 (1992) 383.
[13] G.R.W. Quispel, R. Sahadevan, Lie symmetries and the integration of difference equations, Phys. Lett. A 184 (1993)
64–70.
[14] V.A. Dorodnitsyn, Transformation groups in a space of difference variables, J. Sov. Math. 55 (1991) 1490–1517.
[15] M. Bruschi, O. Ragnisco, P.M. Santini, G.-Z. Tu, Integrable symplectic maps, Phys. D 49 (1991) 273–294.
[16] G.B. Byrnes, R. Sahadevan, G.R.W. Quispel, Factorisable Lie symmetries and the linearization of difference equa-
tion, Nonlinearity 8 (1995) 443–459.
[17] R. Sahadevan, Factorisable Lie symmetries and the linearisation of third order difference equations, submitted for
publication.
[18] G.R.W. Quispel, J.A.G. Roberts, C.J. Thompson, Integrable mappings and soliton equations II, Phys. D 34 (1989)
183–192.
[19] H.W. Capel, R. Sahadevan, A new family of four dimensional symplectic and integrable mappings, Phys. A 289
(2001) 86–106.
[20] A.P. Veselov, Integrable maps, Russ. Math. Surveys 46 (1991) 1–51.
